ABSTRACT This study explores the observer-based H ∞ repetitive control problem for a class of fractionalorder systems subject to external disturbances described by an interval type-2 Takagi-Sugeno fuzzy model approach. By combining the Lyapunov method and linear matrix inequalities technique, a tracking control input is designed with a prescribed disturbance attenuation performance level such that all states of the resulting closed-loop control system will be bounded and the tracking error can fluctuate near the origin in a small neighborhood. The main attention of this work is focused on the design of the repetitive tracking controller to asymptotically stabilize the fractional-order nonlinear systems and to achieve H ∞ tracking performance. Precisely, a new set of sufficient conditions is derived in the form of linear matrix inequalities that ensure the desired stability and H ∞ performance, and the controller gain is then computed. Finally, a numerical example is exploited to demonstrate the effectiveness and potential of the proposed control design technique.
I. INTRODUCTION
Takagi-Sugeno (TS) fuzzy model is an efficient approach to describe nonlinear systems, which plays a vital role in the study of stability and control synthesis of fuzzy control systems. Several interesting and important results on stability and control synthesis for TS fuzzy systems based on the Lyapunov stability theory together with some advanced inequalities have been reported in [1] - [4] . It should be mentioned that most of the existing works related with control systems are studied with the use of the TS fuzzy model approach described by type-1 fuzzy set theory. Moreover, if uncertain parameters occurs in practical systems, then it cannot be perfectly captured by the TS fuzzy model based on type-1 fuzzy set theory. To deal with the nonlinear systems in the presence of parameter uncertainties, in recent research, the type-1 TS fuzzy model is extended to the interval type-2 (IT-2) TS fuzzy model, [5] - [9] . Li et al. [10] developed a feedback fuzzy controller to guarantee the stability of polynomial fuzzy systems based on the IT-2 fuzzy model approach. Zhao and Dian [11] analyzed the stabilization problem of nonlinear systems which is represented by IT-2 TS fuzzy model with parameter uncertainties, datapacket dropouts and time-varying delay, and data-packet dropouts.
Since many physical systems are described more accurately by the non-integer order, so the study on fractional calculus has been attained a tremendous growth in the science and engineering areas in recent years. Some of the examples are viscoelastic systems, heat conduction dynamic systems, and electrochemical processes. Moreover, in recent years many practical control systems are described by fractionalorder equations and some interesting results have been studied in [12] - [18] . Furthermore, the aim of the tracking control problem is to design a tracking controller to stabilize the considered system and achieve the prescribed tracking performance for a given reference model. To mention a few, in [19] , based on the TS fuzzy model approach, an adaptive output tracking control problem has been solved for nonlinear systems in the presence of time delay and actuator saturation. Xiao et al. [20] discussed the issue of output tracking control problem for a class of polynomial fuzzy systems based on the Lyapunov indirect method together with the sum-ofsquares technique, whereas in [21] the stability conditions are obtained with the aid of membership functions knowledge and polynomial approximation functions.
Moreover, it is well known that the periodic signals generally appear in fuzzy model based dynamical systems. Repetitive control strategy is a well known and one of the most powerful technique for rejection of periodic disturbances and ensure asymptotic tracking via repeated learning actions. Recently, repetitive control has received increasing attention in both theoretical analysis and practical aspects due to its strong robustness, good tracking performance and simple design for control systems [22] - [26] . In [27] , a modified repetitive controller proposed for strictly proper plants in the presence of non-linear, state-dependent, modeling uncertainty and aperiodic disturbances. It should be noted that, the system states are not often measurable or accessible in practice. To handle this situation, observer based approach is widely employed to estimate the immeasurable states using output informations. Based on this scenario, a periodic tracking control problem of nonlinear systems with uncertainties and disturbances is solved by employing the fuzzy observerbased repetitive controller in [28] . However, there is no work done before about the observer-based H ∞ tracking control problem for fractional-order IT-2 fuzzy systems in presence of external disturbances, which motivates us this present study.
According to the above facts, we will develop herein an observer-based repetitive controller for fractional-order IT-2 TS fuzzy systems against external disturbances. Further, we point out the significant contributions of this study in four-fold:
• As a first attempt, in this paper, a modified repetitive control design is developed for periodic signal tracking of fractional-order IT-2 fuzzy systems.
• The repetitive tracking controller is designed to ensure the systems asymptotic stability and H ∞ performance.
• The proposed observer-based control scheme is simple and easy to implement in the practical systems since it has very less number of tuning parameters.
• Numerical simulation shows the validity and effectiveness of the tracking performance of the proposed observer based repetitive control scheme.
II. SYSTEM AND CONTROL DESCRIPTIONS
This section begins with the definition of Riemann-Liouville fractional derivative to facilitate the problem formulation. Then, the considered system model and the control design problem are presented subsequently.
Definition 1 [15] : The Riemann-Liouville fractional derivative with order α > 0, defined as
We now consider the fractional-order IT-2 TS fuzzy systems taking account of external disturbance effect, whose IF-THEN fuzzy dynamics are given by IFf 1 (κ(t)) isŇ
whereŇ µ (µ ∈ S and = 1, 2, . . . , ϕ) denotes the IT-2 fuzzy set of µ-th rule and ϕ = 1, 2, . . . , β is positive number; f (κ(t)) is the measurable premise variable; β denotes the number of fuzzy rules of plant. t 0 D α t represents the RiemannLiouville fractional derivative with the order α > 0 as given in Definition 1; κ(t) ∈ R n κ and u(t) ∈ R n u indicate the considered system state and the control input, respectively; w d (t) ∈ R n w represents external disturbance input belonging to L 2 [0, ∞) and y(t) ∈ R n y indicates the measured output.
and E µ ∈ R n κ × R n w are known constant matrices. The interval set for the µ-th rule is defined by:
) represent the upper membership functions (UMFs); ψŇµ (f (κ(t))) represent the lower membership functions (LMFs); µ (κ(t)) and µ (κ(t)) denote the upper grade of membership (UGM) and the lower grade of membership (LGM), respectively. Then, the fractional-order IT-2 TS fuzzy system (1) takes the following form:
where
µ=1 , a µ (κ(t)) + a µ (κ(t)) = 1 in which a µ (κ(t)) and a µ (κ(t)) are denote nonlinear weight coefficient functions and µ represents the grade of membership. Now, we construct an observer system for (2) . For this purpose by using fuzzy blending, the dynamics of the fractionalorder IT-2 fuzzy observer can be inferred as weighted average of β-subsystems and represented by VOLUME 6, 2018 FIGURE 1. Configuration of fractional-order fuzzy repetitive control system.
whereκ(t) ∈ R n κ andŷ(t) ∈ R n y represent the estimations of κ(t) and y(t), respectively. L µ (µ ∈ S) indicate the gain matrices of the observer. The error vector is construct asκ(t) = κ(t) −κ(t). Then, it follows from (2) and (3) that
Next, we are going to formulate the observer-based fractional-order IT-2 fuzzy repetitive control systems, whose configuration is depicted in FIGURE 1. In FIGURE 1, c r (t) denotes the given reference input signal; e −sM represents pure-delay-positive-feedback line, where M is the period of c r (t); q(s) = υ c s+υ c denotes the low-pass filter, here υ c stands for the filter's cut-off angular frequency. Then, the dynamics of modified repetitive control system is given by
where κ m (t) denotes the low-pass filter's state; v(t) denotes the repetitive control output; e r (t) represents tracking error between reference input and observer output. In this study, we design a fuzzy observer-based repetitive controller to the systems (1) whose membership functions are different from the plant membership functions and its fuzzy dynamic rule can be expressed as
whereM j δ (j ∈ T and δ = 1, 2, . . . , ζ ) represents the IT-2 fuzzy set of j-th rule, ζ is a positive integer;ǧ δ (κ(t)) denotes the measurable premise variable; K 1j represents the repetitive controller's feed forward gain and K 2j stands for the observer state gain; the scalar η is the finite number of IT-2 IF-THEN rules of controller. The interval set of the j-th rule is taken as
) and φMj δ (ǧ δ (κ(t))) are the LMFs and UMFs, respectively; Φ j (κ(t)) and Φ j (κ(t)) are the UGM and LGM, respectively. Then, the overall IT-2 fuzzy dynamic controller can be expressed as
and b j (κ(t)) + b j (κ(t)) = 1 in which b j (κ(t)) and b j (κ(t)) represent the nonlinear weight coefficient functions and Φ j denotes the grade of membership. It is noted that, the stability of dynamical systems is not influenced by the exogenous signals. Therefore, in this study, we assume that the reference signal is having zero. Then based on equations (2)- (5) and (9), the augmented system can be constructed as
wherẽ
Further, UMFs and LMFs are recommended within the footprint of uncertainty (FOU) to effectively deal with the IT-2 membership functions. Thus, the state Θ is partitioned into l connected sub-state spaces defined as Θ τ such that Θ = ∪ l τ =1 Θ τ . For any λ ∈ V = {1, 2, . . . , + 1}, the FOUs can be separated as + 1 sub-FOUs. Then, the LMFs and UMFs are as follows [5] :
..µ n τ λ and ε µjµ 1 µ 2 ...µ n τ λ are scalars to be determined and 0
The following lemma is more essential to acquire the desired criterion for the fractional-order IT-2 augmented system (10) in the forthcoming section.
Lemma 1: [16] The fractional-order nonlinear system
where ϕ(q) = sin(απ) π q −α and p(q, t) represents infinite dimensional distributed state vector.
III. ASYMPTOTIC STABILITY CRITERION FOR FRACTIONAL-ORDER INTERVAL-VALUED TS FUZZY SYSTEMS
This section discusses the repetitive tracking control problem for the closed-loop fractional-order augmented system (10). More specifically, we suppose that the controller gain matrices of (8) are given, and we shall establish the condition that ensures the asymptotic stability of the closed-loop fractionalorder augmented system with a desired H ∞ tracking performance subject to external disturbances.
Theorem 1:
For given controller gains K 1j , K 2j and L µ (µ ∈ S , j ∈ T) and scalars γ > 0, > 0, 0 < α < 1, the system (10) is asymptotically stable with a given H ∞ performance, if there exist real-valued matrices R 1 > 0, R 2 > 0, R 3 > 0, Q > 0,T µjλ > 0 and an appropriate dimension matrixN such that the following linear matrix inequalities (LMIs) are satisfied, for µ ∈ S, j ∈ T, λ ∈ V: 
µj = −Q,ˆ 55 µj = −γ 2 I,˘ 66 µj = −I. Proof: According to Lemma 1, the augmented system (10) is equivalently represented by
where H(q, t) = [H 1 (q, t), H 2 (q, t), . . . , H n (q, t)] T indicates the frequency distributed state and ϕ(q) is the weighting function. We choose a Lyapunov functional for the modified system (18) as
where ξ (q, t) = H T (q, t)RH(q, t) and R = diag{ R 1 , R 2 , R 3 } > 0. The derivative of the Lyapunov functional along VOLUME 6, 2018 the required solution of (18) can be computed aṡ
q, t)RH(q, t)dq
In order to discuss the H ∞ disturbance attenuation performance, we define J = e T r (t)e r (t) − γ 2 w T d (t)w d (t). By using (20), we can obtaiṅ 
Employing Schur complement [28] on the above inequality (21), we geṫ
where the elements of˘ µj are given in statement of theorem.
and h µjλ + h µjλ = 1, ∀ µ, j and λ.
SinceN =N T ∈ R n×n and 0 ≤T µjλ =T T µjλ ∈ R n×n are appropriate dimensioned matrices and from [5] , we can obtained:
From (22)- (24), we havė
Then, from the above inequality we have h µjλ −h µjλ ≤ 0 ∀ µ, j and λ which satisfy˘ µj +T µjλ +N > 0 (which is ensured by the condition in (16)) and another one is given by
which is equivalent to (17) . Therefore, we can obtainV (t) + e T r (t)e r (t) − γ 2 w T d (t)w d (t) < 0, ∀ w d (t) = 0. From this, it is clear to get that J < 0, which implies ||e r (t)|| 2 ≤ γ ||w d (t)|| 2 .
In Theorem 1, the H ∞ repetitive tracking performance analysis problem is studied. In the subsequent theorem, we extend it to obtain the repetitive tracking controller design criterion, that is, we obtain design condition to determine the controller gain matrices in the control design which absolutely guarantees the asymptotic stability of the fractionalorder IT-2 augmented system (10) with a given H ∞ tracking performance.
Theorem 2: For given scalar γ > 0, 0 < α < 1, > 0, the fractional-order augmented closed-loop system (10) is asymptotically stable and satisfies a desired H ∞ performance index level, if there exist symmetric matricesR 1 > 0,R 2 > 0,Q > 0,R 21 > 0,R 22 > 0,Ȓ 2 > 0,R 3 > 0, T µjλ > 0, and any matrix N with appropriate dimension, for µ ∈ S, j ∈ T, λ ∈ V such that the following LMIs are satisfied: 
Moreover, the IT-2 TS fuzzy observer-based repetitive controller and observer gains are computed by the equations
3 andQ = Q −1 . Next, pre-and post-multiply the LMIs (15), (16) and (17) by X=diag{R 1 ,R 2 ,R 3 ,Q, I, I}. Moreover, by setting
the above process and using the transformation C µR2 =Ȓ 2 C µ , whereȒ
, with the aid of [28, Lemmas 1 and 2], we can get the inequalities (27) , (28) and (29) . This concludes the proof.
Remark 1: Up to now, many interesting results regarding fractional-order TS fuzzy systems have been discussed, see for instance [14] , [16] , [17] . But only very few researches have been investigated about fractional-order IT-2 TS fuzzy systems due to complexity in dealing with membership functions in the presence of uncertainties, see [18] and the references cited therein. On the other hand, repetitive control design is one of the promising research areas in systems and control theory during the past few years, which can be used to effectively track the periodic signals and to compensate the periodic disturbances [23] - [27] . Though repetitive control design is successfully applied for integer-order TS fuzzy systems in several aspects [28] , [29] , it has not yet been discussed for fractional-order IT-2 TS fuzzy systems. It is clear that this paper shortens such a gap.
Remark 2: It is known that the selection of premise variables is an essential task in the context of analysis and synthesis of fuzzy dynamical systems. Most of the published results on fuzzy systems have a predominant assumption that premise variables are measurable [30] . However, it is very hard to meet this assumption in many practical situations because the premise variables may also depend on the immeasurable state variables of the fuzzy system. Even though, the closed-loop structure of fuzzy systems with immeasurable premise variables is more complex than the ones with measurable premise variables, it can be used to represent a larger class of nonlinear systems. Based on this scenario, some fruitful and interesting results for integer-order fuzzy systems have recently been reported [31] . It deserves that the results in those seminal works could be extended to fractional-order IT-2 fuzzy systems, which will be the topic of our near future works.
Remark 3: It should be mentioned that some advanced and applicable methods on tracking control systems have been developed in [24] and [29] . Especially, in [24] , a repetitive tracking control problem has been solved for stochastic systems in the presence of time-varying uncertainties. In [29] , an equivalent-input-disturbance-based repetitive tracking control has been designed for TS fuzzy systems with time-varying delay and actuator saturation. Inspired by the above works, the problem of repetitive tracking control for fractional-order IT-2 stochastic fuzzy systems with timevarying delay and actuator saturation could be further investigated. This will be our future work.
Remark 4: In [23] , the problem of fuzzy H ∞ tracking control design has been investigated for a class of nonlinear networked control systems represented by TS fuzzy model. More precisely, the control design considers only the information about the tracking error. It is noted that in many practical systems, such as inverted pendulum system, mass-spring-damping system and the one-link manipulator system, it is required to track periodic signals. In such situation, the control design in [23] may not provide satisfactory tracking performance due to absence of information about the periodic signals. It is worth mentioning that the control design proposed in this paper considers the tracking error term and an additional term that consists of the previous period tracking error information. Here, the additional term induces the considered system to achieve good tracking performance. Thus, the proposed control design in this paper yields comparatively better robust performance and provides tracking performance than those by the conventional H ∞ tracking control method.
IV. SIMULATION EXAMPLE
Consider the fractional-order IT-2 TS fuzzy system (2) with four fuzzy rules. The corresponding system selected as 
Next, choose the external disturbance as w d (t) = 2sin(2π t), t ≥ 10s and t ≤ 50s, 0, elsewhere.
The periodic reference input is chosen as c r (t) = sin(0.5π t)+0.5sin(π t) with M = 4s and the low-pass filter's cut-off frequency is considered as υ c = 100 rad/s. Here we In TABLE 1, the lower bounds (LBs) and upper bounds (UBs) of membership functions for the considered fractional-order 
FIGURE 4.
Evolution of the system state κ 1 (t ) and observer stateκ 1 (t ).
FIGURE 5.
Evolution of the system state κ 2 (t ) and observer stateκ 2 (t ).
IT-2 TS fuzzy model (2) are displayed. The nonlinear weight coefficient functions are taken as a µ (κ(t)) = cos 2 (κ(t)) and a µ (κ(t)) = 1 − a µ (κ(t)) (µ = 1, 2, 3, 4). Similarly, the LBs and UBs of membership functions for the proposed IT-2 TS fuzzy controller (9) are given in TABLE 2 and whose nonlinear weight coefficient functions are chosen as b j (κ(t)) = sin 2 (κ(t)) and b j (κ(t)) = 1 − b j (κ(t)) (j = 1, 2). Further, we consider that κ 1 (t) takes values in the interval [−80, 80] and is partitioned to 10 sub-states. To determine the LMFs and UMFs, let us define ϑ 11τ (κ 1 ) = 1 − κ 1 −κ 1,τ κ 1,τ −κ 1,τ and ϑ 12τ (κ 1 ) = 1 − ϑ 11τ (κ 1 ), where κ 1,τ = 16(τ − 6) and κ 1,τ = 16(τ − 5) (τ = 1, 2, . . . , 10). Then, the corresponding scalars are chosen as ε µj1τ = µ (κ 1,τ )Φ j (κ 1,τ ), ε µj2τ = µ (κ 1,τ )Φ j (κ 1,τ ), ε µj1τ = µ (κ 1,τ )Φ j (κ 1,τ ) and ε µj2τ = µ (κ 1,τ )Φ j (κ 1,τ ) (τ = 1, 2, . . . , 10). Based on the above settings, the membership functions corresponding to the system and the observer-based controller are given in FIGURES 2 and 3, respectively. Moreover, the evolutions of states of the actual system and the observer system are depicted FIGURES 4 and 5. Also, FIGURE 6 plots the periodic reference signal and the system output, wherein it is noted that the prescribed reference signal is perfectly reacted by the system output. The corresponding error trajectory is shown FIGURE 7. FIGURES 8 and 9 display the control input and periodic disturbances, respectively. Thus, it can be confirmed from the simulation results that the fractionalorder IT-2 fuzzy system is stabilized with the designed H ∞ repetitive tracking controller and the given periodic reference signal is perfectly tracked by the system output. This reveals that the developed feedback repetitive tracking controller design is more effective.
V. CONCLUSION
In this paper, we have treated the problem of periodic tracking control of fractional-order IT-2 fuzzy systems with state and external disturbance. In particular, an observerbased fractional-order modified repetitive controller has been designed, which makes the resulting closed-loop fuzzy control system asymptotically stable together with a prescribed H ∞ disturbance attenuation level. Furthermore, by solving the obtained the linear matrix inequality based condition, a repetitive H ∞ tracking controller design is derived. Simulation results are performed to verify the usefulness of proposed observer-based modified repetitive control design procedure. As a future work, we will extend the proposed results to fractional-order IT-2 stochastic fuzzy systems subject to timevarying delays and actuator saturation.
